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A New Technique for the Numerical Analysis of
Nonequilibrium Flows

GlNO MORETTI*
General Applied Science Laboratories Inc., Westbury, N. Y.

A new technique for the computation of inviscid flows with finite rate chemistry is pre-
sented. The case of hydrogen-air combustion is studied in full detail, but this technique
can be applied to other mixtures. Difficulties because of instability in existing techniques
are eliminated. Consequently, the stepsize in the numerical finite-difference procedure can
be increased by 2 to 5 orders of magnitude; the stepsize is unlimited in a state of equilibrium
or near to equilibrium. Lengthy calculations that make the programming of two-dimensional
flows with finite rate chemistry uneconomical are reduced to a few seconds on a high-speed com-
puter. A comparison of results of this technique with those of other techniques is presented.

I. Introduction

IN recent years, several attempts have been made to
analyze gaseous flow fields in which the gas is not in

chemical equilibrium. Typical problems are nozzle
flows,1"4 wake flows,5 and stream-tube combustion
processes.6- 7

In flow problems where the gas may be considered in
chemical and thermodynamic equilibrium at every point, two
thermodynamic parameters (i.e., the pressure p and the
enthalpy h) are sufficient to determine any other thermo-
dynamic quantity, either by assuming that the gas is perfect,
or by using a fit for the Mollier chart of the gas.

If the gas is not in chemical equilibrium, a point-by-point
evaluation of its composition is necessary. Starting at a
point on a streamline where all the parameters are known,
the mass-fractions oa^ the temperature T7, and the density
p at the next point are to be determined as functions of p, h,
and the flow time AZ, elapsed between the two points, taking
into account the chemical reactions that occur in the time
At. Several species are created and destroyed in the process.
The rates of production of all the species at a point may be
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determined as functions of the macroscopic thermodynamic
parameters and the initial composition.

II. Difficulties of the Numerical Integration

The problem, as stated previously, has no conceptual
difficulties. The analysis along a streamline may be per-
formed, in principle, by solving a system of ordinary differ-
ential equations with T, p, and the mass fractions as un-
knowns. Different techniques have been used, including
sophisticated schemes such as the Runge-Kutta or the pre-
dictor-corrector methods.7' 8

Unfortunately, the maximum stepsize A£ is severely limited
by stability criteria, although the resulting curves of mass
fractions vs time are very smooth, when properly computed.
Consider, for example, a semilogarithmic plot of the atomic
hydrogen mass fraction vs time in a one-dimensional problem
of combustion at constant pressure (Fig. I).7 In the first
phase of the phenomenon (0 < t < 7 X 10 ~6 sec), the curve
is a straight line. The same is true for all the other mass
fractions. Moreover, in this range, density, and temperature
are constant. Since all the significant parameters are linear
functions of time, one could expect correct results from a
single-step computation, with a stepsize of the order of
5 X 10~6 sec. However, it has been found7 that steps
slightly larger than 1.7 X 10 ~8 sec lead to unstable results.
The analysis of processes near equilibrium yields the same
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Fig. 1 H mass fraction vs time.

conclusions.8 Consequently, thousands of steps must be
taken to perform the analysis of a process along one stream-
line (with an average stepsize of 10~8 sec, one hundred
thousand steps are needed to cover 1 msec, that is, about
10 ft at M = 8), and this makes the computation of a two-
dimensional flow with several streamlines impractical on
economic grounds.

The reason for this handicap is to be found in the "stiff-
ness" of some of the differential equations. An analysis of
the problem has been given in Ref. 9 together with a sug-
gestion for overcoming the difficulty. However, in that
paper, the method is applied only to a single differential
equation of the type dy/dx = [y — G(x)]/a(x). Other
difficulties are encountered again when several more compli-
cated equations must be solved simultaneously, as in the
present problems.

III. Outline of a New Technique

A different approach is used in this paper. In order to
show its principal features, an aerodynamically simple
problem will be considered: a one-dimensional flow at con-
stant pressure with chemical reactions. On aerodynamical
grounds, constant pressure implies a constant enthalpy h.

Let yi be the concentration of species i (in moles per cubic
centimeter) and Wi be its molecular weight. Then

= poa/W i (1)
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fj and bj, "forward and backward reaction rate coefficients/'
are functions of temperature only. The total rate of change
of the concentration of species i caused by all of the chemical
reactions is

i, 2/2, (3)

Suppose a step must be taken in a phase in which variations
p and T are negligible. If the system of equations (1) could
be solved analytically in closed form, an exact set of solutions

yi = y<® (4)
would be obtained. This is not the case, because Eqs. (3)
are not linear. However, let us investigate the possibility of
replacing Eqs. (3) with a system of linear equations by
dropping higher-order terms that are negligible along the
whole step. This may be done if the linearization is per-
formed as shown in the next section. Consequently, the
solution of the linearized system can still be considered as an
"exact'7 solution and, since it is available in closed form, no
stability problems arise. The advantage of this technique
stems from the fact that the size of a step in which the
original and the linearized system of equations are equivalent
is several orders of magnitude larger than the maximum
stepsize for any other existing technique. The advantage
is particularly evident in the first phase of a combustion
process and in conditions near equilibrium. In the latter
case, all the variables are practically constant. There-
fore, a linear system of equations is a very good approxima-
tion to the actual one for as large a stepsize as is ordinarily
required. In the next sections, a specific combustion prob-
lem will be examined in detail.

IV. Combustion of Hydrogen in Air
at Constant Pressure

Let air be represented by a mixture of inert, undissociated
nitrogen and oxygen, which can dissociate and react with
hydrogen. Six variable species are considered: H, 0, H20,
OH, 02, and H2, which will be numbered 1, 2, 3, 4, 5, and 6.
Eight reactions are assumed to be significant7:

H + 02 = OH + 0
0 + H2 = OH + H
H2 + OH = H + H20
2 OH = 0 + H20
H2 + X = 2H + X
H20 + X = OH + H + X

02 + X = 20 + X
where X is a catalyst. Equations (2) now read

2/21

= 2/13

—J2/1B

2/16

2/17

2/n = 2/5i = — 2/21

2/22 — 2/62 = — 2/12

2/63 = 2/43 = —2/13

2/44 = —2?/24

2/36 = —2/16

2/47 = —2/17

(5)

J

At any instant of time, the rate of change of the concentra-
tion of species i in reaction j, y^, is given by the general
formula

' - WW** (2)
where vk

r and vk" are either zero or integers, and the factors

where Y is the concentration of the catalyst, which is as-
sumed to be approximately the sum of the concentrations of
all species including N2:

(6)
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The expressions assumed for the /y and b-,- are listed in Ap-
pendix A. Equations (3) now read

2/i = 2/ii + 2/12 + 2/13 + 2/i5 + 2/i6 + yn]

2/2 = 2/21 — 2/12 + 2/24 + 2/17 + 2/28

2/3 = 2/13 + 2/24 — 2/16

2/4 = 2/21 + 2/12 — 2/13 — 22/24 + 2/16 — 2/17

2/5 = —2/21 — ^2/28

2/6 = ~ 2/12 — 2/13 — 52/15 j

The following two equations are obtained as linear combina-
tions of Eq. (7)

(7)

22/6 + 2/1 + 2/4 + 2?/3 =

22/5 + 2/2 + 2/4 + 2/3 = 0
(8)

It is known that these two equations express the conservation
of the number of atoms of oxygen and hydrogen.6

To these equations, the following must be added in order to
make the problem determined:

Conservation of Species

Equation of State

Definition of Enthalpy

P W = ̂  (9)

p = RTY (10)

ft = 2 aA (11)
Here R is the gas constant, D/Dt means substantial differen-
tiation, and hi is the partial enthalpy of species i (the sum-
mation is extended to all species including N2). These
partial enthalpies are defined through the partition functions
of the species, which are functions of T. For practical pur-
poses, piecewise parabolic fits can be used

Ct(T - (12)
as shown in Appendix B. Consequently, T can be easily ob-
tained as a function of h by solving the second-order equation

AT* - 2BT + C = 0 (13)

where

A = 2 aid
B = Z oLi(dT^
C = Z at(Ai + ft TV) - h

The solution to be used is the one with the positive square
root.

To summarize, Eqs. (1, 6, 7, 9, 10, and 13) are twenty-one
equations with the twenty-one unknowns T, F, p, «», 2/», y%
(i = 1, 2, . . . , 6). At this stage, a different treatment is given
to the macroscopic quantities T7, 7, and p, and to the micro-
scopic quantities a», y^ and 2/».

V. Linearized Equations for the Concentrations

The mass fractions a» can be eliminated by computing the
substantial derivative of 2/1 as expressed by (1). If substan-
tial derivatives are denoted by primes,

and, with (9),

In every computational step, the following simplifying as-
sumptions will be made:

1) The reaction rate coefficients, /,- and 6y, are constant
throughout a step (that is, the change in temperature through-
out a step is not so large as to affect the values of the reaction
rate coefficients).

2) The logarithm of the density is a linear function of time
throughout a step. Consequently, a parameter

= p'/P (15)
constant throughout a step, can be introduced. Hence, if
p° and p are the initial and final values of the density in a
step, the ratio 7 = p/p° is given by

y = p/p° = 1 + 5A£ (16)

3) The sum of the concentrations Y is also constant in
Eqs. (5) and consequently in Eqs. (7).

Now Eqs. (7) and (5) can be used to eliminate the terms
2/» in Eqs. (14) . The result is a system of ordinary differential
equations in the concentrations, with the unknown 5 as an
additional parameter. An attempt can be made to solve
these equations in closed form throughout a step.

First, Eqs. (8) and (14) are used to eliminate two of the
concentrations. The slowly variable concentrations of
02 and H2 are chosen. The result is

(17)

where ( )° means "initial value at the beginning of the
step." Letting

, 2/2 + 2/3 +

2/5 - -

2/6 = -

2/2 + 2/3 + y
2

2/i + 2/4
2 y

4 /
- + 7 (2/5

,+4-
2/2 + 2/3 + 2/4\°

2 /

1 y 1 yi + y'\2 )

2

c = 7 I 2/6 +
+

(18)

Eqs. (17) can be restated in the form
2/2 + 2/3 + 2/42/5 = —

2/6 = c -

2
2/4 - 2/3

(19)

At this stage, the expressions (19) for 2/5 and y& can be
substituted into Eqs. (5) and the resulting formulas can be
used in the right-hand sides of the first four rows of Eqs. (7).
Therefore, yi, yz, 2/3, and 2/4 now depend only on the variables
2/i, 2/2? 2/3, 2/4, and d and contain a number of constant coeffi-
cients defined by the values of T and of each concentration
at the beginning of an integration step. If Eqs. (14) with
i = 1 to 4 are used, with 8 = p'/p and the 2/» as described
previously, a system of four ordinary differential equa-
tions in the four unknowns 2/1, 2/2, 2/3, and 2/4 is obtained,
where the time is the independent variable. These equations
have the general form

yt' = Ft(yk; (i, k = 1, 2, 3, 4) (20)

where the Fi(yk; d) are linear combinations of constant
terms, first-order terms, and second-order terms in the yk.
The parameter 5 is to be determined by making use of another
equation. However, the problem of finding a formal solu-
tion for the system (20) is not complicated by the presence
of d, which has been assumed to be constant throughout a
step.

A system such as (20) cannot be solved in closed form, but
can be easily reduced to a linear system by writing

2/»'2/* = ~~2A'°2/*° + 2/;°2/fc + 2/fc°2/; (21)
After substitution of all the terms ytyk with (21), the system

of equations (20) is approximated by the linear, nonhomo-
geneous system

2// = S a«2A + c,- (i, k = 1, 2, 3, 4) (22)
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Appendix C gives the expressions of the constant coefficients id1

The system of equations (22) can now be solved by standard
methods. The first step consists of finding the four roots of
the characteristic equation

\\atk - Ml = 0 (23)
where dik is Kronecker's delta. If all these four roots rk are
simple, the solution is

yt = 2 \ihe^ + A, (i, k = 1, 2,>, 4) (24)

where

= yt° - A,

\jk = Mj*Ay

)pjk = —(an — rkdn
(i, j, k = 1, 2, 3, 4)

Since the roots rk may be real or complex, the coefficients
\ik are to be considered in general as complex numbers.
Special provisions may be taken for the cases of multiple
roots (which, however, are highly improbable in a numerical
computation).

If an assumed value of 8 has been used, the final values of
2/i> 2/2 > 2/3? and 2/4? consistent with it, are now determined, and
the final values of 2/5 and y& can be computed from Eqs. (19).

VI. Computation of Density and Temperature

The result of the computation described previously is a set
of final values of the concentrations as functions of the un-
known parameter 8. Now, the remaining equations [(6,
10, and 13) ] must be used to determine F, p, and T.

Since the density is defined as

P = 2 W<yt (25)
and since the mass fraction of nitrogen (a?) does not change,
it follows that

p = [1/(1 - a,)]2'Wiyt (26)

where 2' means that the sum is extended to all the active
species. Then

2/7 = pai/Wi
The temperature can be obtained either from (10) or from

(13). Obviously, the two results must agree. If they differ
by a quantity r, the error may be attributed to a bad choice

i.6
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of 8 (which provided a wrong value of p at the end of the
step). A different value of 8 leads to a different set of final
values of 2/1, p, and to a different value of r. A simple itera-
tion scheme can be set up to provide a value of T less than
TV°. It has been found that, in general, two iterations only
are needed.

VII. Further Details of the Analysis

A closer analysis of the problem is necessary in order to
provide a complete background for a digital computer
program. In a combustion process, three phases can be
observed: 1) an initial phase, in which density and tem-
perature remain practically constant, whereas the mass
fractions of H, 0, OH, and H20 change by several orders of
magnitude; 2) an intermediate phase, in which the tempera-
ture rises and the density drops very steeply, the rate of
change of the mass fractions also diminishes (in particular,
the mass fraction of atomic hydrogen reaches a maximum);
and 3) a final phase, in which the temperature still increases
and the density diminishes, bufrmore and more slowly (these
two parameters as well as the mass fractions approach their
equilibrium values asymptotically).

Only the first four reactions of the list in Sec. IV are sig-
nificant in the first phase.6' 10 If the significant terms are
retained in Eqs. (7), these are simplified as follows:

2/i = —2/21 + 2/12 + 2/13

2/2 = 2/21 — 2/12 + 2/24

2/o = 2/13 + 2/24

2/4 = 2/21 + 2/12 — 2/13 — 22/24

2/5 = —2/21

2/6 = —2/12 — 2/13 j

Therefore, a third equation can be added to Eqs. (8)

2/1 + 2/2 — 2/3 = 0

and the equation

2/i = a + 2/3 — 2/2
with

a = 7(2/1 + 2/2 - 2/3)°

(27)

(28)

(29)
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can be used, together with Eqs. (19). The system (22) is
then reduced to a system of three equations with the three
unknowns y2, 7/3, and 2/4. Since the density remains constant
in the first phase, 5 is obviously zero, and no iteration is
needed to determine it.

It is clear that, in such first phase, the determinant of the
a,ik matrix vanishes because of a linear dependence of parallel
rows. Consequently, a suitable test must be used in the
computer program, in order to switch from the general pro-
cedure to another one, based upon Eqs. (27-30), when neces-
sary.

The three phases are easily detected by the analysis of the
four characteristic roots. Figure 2 shows such roots plotted
vs time in a sample problem. The roots n and r2 are always
negative. The root r3 is positive; the root r4 is about zero in
the first phase. In this phase, all the roots are practically
constant. In the third phase, all the roots are negative.
The roots r\ and r^ again are practically constant, and r3 and
r4 vary very slowly. In the second phase the transition is
achieved as follows. First, the root r3 diminishes faster and
faster, and r4 increases until r3 and r4 attain a common value
Ri. Then r3 and r4 take on complex values, the real part
moving from R\ to a negative value R^ whereas the imaginary
part goes from zero to a maximum and then to zero again.
At #2, r3, and r4 branch off again with real values.

VIII. Problem of the Optimum Stepsize

The foregoing analysis of the characteristic roots provides
the necessary information for the discussion of the stepsize.
If the linear system of equations (22) were the exact descrip-
tion of the whole process, the solution would be given by
Eqs. (24) with four constant values of the Tk, independent of
the value of AZ.

On the contrary, if it were discovered that, upon recom-
puting the roots at the end of a step, their values were sub-
stantially different from the values used along the step, it
would mean that the linear system (22) is a very poor ap-
proximation to the actual system (20), since the roots would
be functions of time themselves.

Consequently, in the first phase of the combustion process,
where all four roots are constant, a single step can be used in
the numerical computation. As was pointed out before, this
result is just the opposite of that reached by the lengthy
procedure that stems from a Runge-Kutta or predictor-

corrector integration technique. When the equilibrium
conditions are asymptotically approached, a similar con-
clusion can be drawn. The stepsize, near equilibrium, can
be increased beyond any limit.

In the second phase, where r3 and r4 change, the optimum
stepsize may be defined, in practice, on the basis of the degree
of accuracy which is required.

IX. Discussion of Some Numerical Results

The technique outlined in the preceding sections has been
programed in Fortran for the IBM 7094 computer. Test
runs have been made, using the same expressions for the
fc and bj, the same pressure, and the same initial values of
temperature and mass fractions as in some cases considered
in Ref. 7. In order to test the conclusions in Sec. VIII,
several runs have been made with a constant stepsize through-
out. A brief comparison will disclose the advantages of the
present technique.

The combustion of a stoichiometric mixture at p = 1.51
atm and an initial temperature T = 1340°K was computed,7
using a Runge-Kutta integration technique, in 4150 steps
of variable size, At = 0.17 X 10~7 and A£ = 0.8 X 10~8

being its maximum and its minimum values, respectively.
The same problem has been computed with the present
technique, using the following constant stepsizes and the
corresponding number of steps:

0.4 X 10~7

0.2 X 10~6

0.4 X 10~6

0.8 X 10~6

0.1 X 10~5

0.2 X 10~5

N = 1000
= 200
= 100
= 50
= 40
= 20

Figures 3 and 4 are plots of mass-fractions of OH and H in
these runs vs time. As anticipated in Sec. VIII, all the
curves coincide in the first phase. In the second phase, the
greater the stepsize, the poorer is the accuracy. It is sig-
nificant, however, that the general trend of the curves is
maintained, and the order of magnitude of the results is not
lost, even when the stepsize is 200 times as large as the one
used with the Runge-Kutta technique. It is also significant
(and this testifies to the stability of the present method)
that the errors are wiped out as the equilibrium conditions
are approached.

All these results agree with the remarks in Sec. VIII.
The same conclusions can be reached by inspecting the curves
of T and p, shown in Fig. 5 and 6. The maximum error in
p, for example, is of the order of 5%.

3000

2500

2000

1500

- At = 4xlO~6 sec
A At =.8 x 10 sec
o At = .|x|0~ sec
x At = 2x|0"° sec
D REF.

Fig. 5 Temperature vs time
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In similar problems where the initial pressure and tem-
perature are lower and the combustion starts with difficulty,
the advantage of the present procedure over the Runge-
Kutta integration technique is even more evident, since
thousands of steps in the first phase can be evaluated in one
single step. Another advantage of the present technique
is that it gives the possibility of a quick evaluation of the
general features of a combustion process by using a coarse
stepsize without loss of accuracy.

X. Fixed Stepsize vs Variable Stepsize

The computational time required for a single case on the
IBM 7094 computer is of the order of seconds (about 700
steps are computed in 1 min). Therefore, there is no need
for a refinement of the program in order to change the step-
size in the three phases of the combustion process. A single
step could be taken in the first phase and another single step
in the third phase, but the limits of the second phase should
be determined. This would entail a number of logical
complications in the program and some increase in computa-
tional time, which partially balances the reduction due to the
use of a very large stepsize in the first and last phases.

XI. Stream-Tube Flow at Variable Pressure

The technique described previously is easily adapted to
compute stream-tube flows (quasi-one-dimensional flows)
in which either the cross-sectional area or the pressure is
prescribed along the stream tube. Suppose, for example,
that the pressure is given as a function of t. At the end of
each step, the enthalpy is obtained from the equation

Dh/Dt = (l/p)(Dp/D£)
Then the computation proceeds along the same lines as in
the case of constant pressure.

If the initial conditions correspond to a state of equilibrium,
the initial steps are extremely critical in the technique of Ref.

7. This again is not the case with the present technique.
For example, assuming a pressure distribution as in Fig. 7,
our results, obtained with a stepsize of 0.5 X 10~5 sec, match
exactly the results obtained by the technique used in Ref. 7,
using stepsizes as small as 10 ~10 sec at the beginning, and
increasing to the order of 0.5 X 10~8 sec later on.

XII. Conclusions f

Increases of several orders of magnitude in the stepsize
permit one to keep more complicated programs of non-
equilibrium flow within reasonable limits of machine time.
An application to the problem of supersonic combustion con-
trolled by mixing has been presented at the AIAA meeting
in New York, in January 1964.11

The author is pleased to acknowledge that, in the process of
extending the present method to more complicated combus-
tion processes,12 his colleague, James DeGroat, applies a dif-
ferent technique in order to solve the system of equations
(22). His technique avoids the use of exact solutions in ex-

.29

t Note added in proof. After this paper was submitted for
publication, a report by C. E. Treanor on the same subject
[Treanor, C. E., "A method for the numerical integration of
coupled first order differential equations with greatly different
time constants," Cornell Aeronautical Lab. Rept. AG-1729-A-
4 (January 1964)] was brought to the attention of the author.
Treanor's technique is strictly a successful attempt to improve
the Runge-Kutta technique. However, since the latter is used
to provide the basic information at each of Treanor's steps, the
instability inherent to the Runge-Kutta method is not suppressed.
As a consequence, Treanor's technique increases the stepsize
25 times, whereas the increase according to the present method
may be of several orders of magnitude.

.25

.20

- At = 4x10 sec
A At =.8xlO sec
O A t = . l x iq5 sec
x At = 2 x id5 sec
D REF. * 7

10 10 10
T I M E (sec)

Fig. 6 Density vs time.

ponential form and makes the search for the solutions much
simpler from the point of view of computer programing,
particularly when the number of differential equations is
greater than four. In addition to J. DeGroat, the author's
thanks go to Michael Abbett for his valuable help in this
project and its extensions.

Appendix A: Forward and Backward Reaction
Coefficients as Functions of Temperature

jfi = 3 X 1014e-8-81/r

/a = 3 X 1014e-4-03/r

/3 = 3 X 1014e-8-02'r

/4 = 3 X 1014e-3-02^
/5 = 1.85 X We-WT/T
/6 = 9.66 X 1018e-62-2/V^
/7 = 8 X W16e~5^/T/T
/8 = 5.8 X 1016e-60-6/V?7

61 = 2.48 X 1013e~-66/r

62 = 1.30 X 1014e-2-49'r

63 = 1.33 X 1015e-10-9B'r

64 = 3.12 X
65 = 1016

66 = 1017

67 = 1016

6s = 6 X 1014

(Al)

T is the absolute temperature in °K, divided by 1000. The
rate coefficients fa and b3- are in mole/(cm3-sec), except for
65, &6, 67, and 68 which are in mole2/(cm6-sec). These data
have been assumed according to Ref. 6.

Appendix B : Enthalpy Fits

The partial enthalpies (in kilocalories per gram) are fitted
by means of the following equations :

+

i +

T T0i

T $ T
^ T < 6

T is the absolute temperature in °K, divided by 1000. The
values of the constants are given in Table 1.

Appendix C: Coefficients Used in Eq. (22)

an = /i [-6 + (2/2 + 2/4 + 2/s)/2] - (fty* +
[622/4 + 632/3 + 7/5/2 + 662/4 + biy,Y

au = /2[c - (2/1 + 2/4 +22/8)/2] + 2/i(/i/2 - 67F) + 6i2/4

ais = /i2/i/2 ~ (/22/2 + /s2/4 + 632/1} + (/6 - /B)7

014 = Me - 2/i/2 - (7/3 + 2/4)] + (/i2/i - /22/2)/2 +
[613/2 - 622/1 + 7(/7 - /B/2 - 662/0 ]
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Table 1 Enthalpy fits coefficients

A, B< Ct A E< TQi Tlt

1
2
3
4
5
6
7

H
0
H2O
OH
02
H2
N2

50
3

— 3
0

-0
-1
-0

.22

.622

.3395

.4247

.0648

.004

.074

4.
0,
0
0,
0
3
0,

.93

.3187

.4464

.4158

.2206

.403

.2488

0.
0.
0.0681
0.0201
0.0198
0.1968
0.0190

0.
0.

-3.9456
0.1631

-0.2297
-4.286
-0.1859

0.
0.
0.7902
0.5422
0.3168
4.831
0.3239

6.
6.
0.5
0.5
0.5
0.5
0.5

6,
6,
3
3
2
4
2

.94

.64

.93

.096

.48

021 = /i [6 — (2/2 + 2/3 + 2/4)/2] + (/2/2 —
«22 = —/2[c — (2/1 + 2/4 + 22/3)/2] — (/i/2 + 67 F) 2/1 —

(6l2/4 + 642/3) - (A/2 + 2682/2)F + 8

a24 = (/22/2 - /i2/i)/2 + (622/1 - 6:2/2) + 2/42/4 + (/T - A/2) F

fla = (66F - /3/2)2/4 - 632/3

a-»<2 = — 642/s

«33 = — (A2/4 + 632/i + 642/2 + AF) + 6
a34 = Me - (2/1 + 22/4 + 22/3)/2] + 2/42/4 + 662/iF

flu = /i[6 - (2/2 + 2/3 + 2/4)/2] + (-A/2 + 67F)2/2 +

(A/2 - 62 - 66F)2/4 + 632/3
a42 = /2[c - (2/1 + 2/4 + 22/3)/2] + (67F - A/2)yi -

6] 2/4 + 2642/3
«43 = (63 - /i/2)2/i + (264 - /2)2/2 + A2/4 + AF

a44 = -/3[c - 2/i/2 - (2/3 + 2/4)] - [/i/2 + 62 + 66F]2/! -

(&! + /2/2)2/2 - 4/42/4 - /7F + 5

3.0

S
CO
Ul

2.8

2.6

-? 2.4

1.8

1.6

0.5 1.0 1.5 2.0 2.5

TIME (sec) x |Q4

Fig. 7 Pressure (aim) vs time (sec).

ci = (/22/2 + /32/4) [(2/1 + 2/4)/2 + 2/3] + 622/12/4 -

/i2/i(2/2 + 2/3 + 2/4)/2 - 6i2/22/4 + 632/i2/3 +

(662/4 + 652/i + 6?2/2)2/iF + /5Fc

^2 = /i2/i(2/2 + 2/3 + 2/4) /2 + 6i2/22/4 —
/22/2[(2/i + 2/4)/2 + 2/3] - 622/i2/4 - /42/42 +

642/22/3 + (672/i + 682/2)2/2F + /8F6

c3 = f*y*[(yi + 2/4)/2 + 2/s] + 632/i2/3 - /42/42 +

642/22/3 — 66z/42/iF

c4 = /i2/i(2/2 + 2/3 + 2/4)/2 + 612/22/4 + (/22/2 - /syO X

[(2/1 + 2/4)/2 + 2/3] + 622/i2/4 - 632/12/3 +

2/42/42 - 2642/22/3 + (6e2/4 - 672/2)2/iF
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